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Abstract
We present a numerical method for the evaluation of the distribution of energy barriers between metastable states in
many-particle systems with arbitrary interparticle interaction. The method is based on the search for the optimal path
between the two given metastable states using the minimization of the corresponding action occurring in the Onsager—Machlup functional for the transition probability between these two states. Test results for a non-interacting
system of magnetic particles and for a dipolar magnetic glass are reported. ( 1998 Elsevier Science B.V. All rights
reserved.
PACS: 02.70.!c; 05.20.!y; 75.10.N; 75.40.Mg; 75.50.Lk
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1. Introduction
The problem of evaluating the transition probability between metastable states in various systems
with many degrees of freedom is one of the most
important and most difficult tasks in many areas of
physics [1]. It is particularly important by studying
disordered systems (e.g., random exchange spin
glasses and dipolar glasses) with the strong interparticle interaction where disorder and frustration
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make not only analytical but also numerical calculations extremely difficult (see review articles [2—4]
and references therein).
For energy barriers *E comparable with the
temperature ¹ direct Monte—Carlo simulations of
the escape over the barrier using Langevin equation(s) for the system of interest are possible [1,5,6].
Unfortunately, this is no longer the case for the
most interesting situation — high energy barriers (or
in the low temperature limit ¹@*E — temperature
much less than the typical energy barrier height)
because the waiting time for the system escape from
the local minima growth exponentially with the
barrier height.
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On the other hand, for ¹@*E the task is somewhat simpler because in this limit it is sufficient to
find the lowest saddle point (its height will give the
corresponding energy barrier) between the two
chosen minima on the energy landscape and then
calculate the transition probability p using the Arrhenius—Van’t Hoff formula (p&exp(!*E/¹)).
Unfortunately, even the problem of finding such
a saddle point cannot be solved analytically in
a general case of a strongly interacting many-particle system. The reason is that such a point, being
a point in the system coordinate space where all
energy derivatives with respect to system coordinates E/x are zero (but where neither a maxi
imum nor a minimum of the system energy should
be achieved!) can be found only as a solution of the
corresponding system of equations E/x "0,
i
which are non-linear in a general case. We lack
general methods for the solution of such systems,
and there exist even arguments that there will never
be any (see, e.g., Ref. [7]).
Reliable analytical and semi-analytical methods
searching for saddle points in such systems are
applicable only for a single [8,9] or few-particle
case (for one of the latest attempts see Ref. [10]) so
that the problem is still far from its final solution. In
this paper we propose a method for the energy
barrier evaluation based on the search for the
optimal transition path between the two chosen
metastable states by minimizing the corresponding
action derived from the path-integral formulation
of the problem. The required energy barrier can
then be calculated as the barrier along this optimal
trajectory. Further implementation depends on the
task to be solved: if we are interested in the energy
barrier distribution only, then it is sufficient to
average over many such transitions between
different pairs of metastable states; if we search
for the transition between the two definite states
(e.g., to study the magnetization relaxation from
the metastable state with the relatively high energy
to the state with the lowest energy) then we have
to construct a connected path between these
two states which goes maybe through some
intermediate local minima and then compute the
time dependence of the system magnetization using
the transition sequence and the energy barriers
found.

2. General idea
To explain the basic idea of our method we start
with a system of N usual (i.e., not magnetic) classical particles which state can be described by cartesian coordinates x and corresponding velocities
i
xR , i"1,2, N (adjustments needed to apply the
i
method to a system of magnetic moments will be
explained in Section 4). If the interaction energy »
of the particles depends on their coordinates only
(»"»MxN, where x"(x ,2, x )) then the equations
1
N
of motion for our system in the presence of thermal
fluctuations (Langevin equations) can be written as
»(x)
xR "!
#m (t), i"1,2, N,
(1)
i
i
x
i
where we have neglected the inertial term for the
sake of simplicity (the whole method can be easily
extended for the systems where this term is essential) and absorbed the friction constant into the
time scaling. Random Langevin forces m which
i
effect is assumed to simulate thermal fluctuations
can be considered in most cases as independent
random variables with the Gaussian distribution
and zero correlation time [1] (for the ideas how one
might generalize the method for the case of
a colored noise, see, e.g., Refs. [11,12]):
Sm (0)m (t)T"2Dd d(t),
(2)
i
j
ij
where D&¹.
For the assumptions made above the probability of some particular noise realization m (t),
i
i"1,2, N, for the time period [0, t ] is given by
&
[13—15]

C P

D

1 t&
P[n(t)]"A exp !
+ m2 dt .
(3)
i
4D
0 i
Rewriting the system (1) as m (t)"xR #»(x)/x
i
i
i
and introducing the Jacobian J[x(t)] of the variable
transformation xPn we immediately obtain that
the probability to observe a given trajectory x(t) for
the transition between the two states A and B during the time t (x (0)Px (t )) is [13,15,16]
& A
B &
1 t&
P[x(t)]"AJ[x]exp !
dt
4D
0
dx
»(x) 2
i#
.
(4)
]+
dt
x
i
i

C P
A
BD
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The total transition probability (APB, t ) is
&
then given by the integral over all trajectories
(paths) x(t):
P[APB, t ]"A
&

P

x
B

x

Dx(t)J[x]

A

C

D

S(x(t), t )
& ,
]exp !
4D

(5)

where the action S(x(t)) is defined as

P A
t&

B

dx
»(x) 2
i#
.
(6)
dt+
dt
x
0 i
i
Evaluation of the path integral (5) in a general
case is an immense task for any many-particle system where interparticle interaction cannot be
treated using a simple perturbation theory. But for
low- temperature limit it is obvious that the main
contribution to Eq. (5) comes from the trajectories
which are close to the optimal trajectory x (t),
015
i.e., to the trajectory which minimizes the action
S(x(t)). Hence, the energy barrier for the given
transition can be found as the barrier along such
a trajectory: *E(APB)"E (x )!E . The
.!9 015
A
problem we are left with is the minimization of the
functional S(x).
It is obviously impossible to perform this minimization analytically for any realistic model. There
exist two main numerical possibilities: (i) write
down the Euler—Lagrange equation for this functional and solve the corresponding boundary value
problem or (ii) approximate the integral S(x(t)) by
some numerical quadrature formula and then minimize the function of many variables resulting from
this approximation.
The first way leads to the system of N non-linear
differential equations for functions x (t), i"
i
1,2, N, with the boundary conditions x (0)"x(A)
i
i
and x (t )"x(B). The most powerful relaxation
i
i &
methods available for the solution of such systems
require for each iteration the inversion of the system matrix which is full at least for the models with
the long-range interaction; the case of 3D models
with the short-range interaction leads to the band
matrices with quite a large bandwidth (&¸2 for an
¸]¸]¸ system) which inversion is also very
time-consuming [7].
S(x(t), t )"
&
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For this reason we have chosen a direct minimization of the finite-difference version of Eq. (6).
Dividing the time interval [0, t ] into K slices with
&
the time step *t"t /K and approximating Eq. (6)
&
by the simplest quadrature formula, we obtain

C

K~1 N x
!x
i,k`1
i,k
S x "*t + +
$*4#( )
*t
k/0 i/1
1 »Mx N »Mx N 2
k`1 #
k
,
(7)
#
2 x
x
i,k`1
i,k
where x is the coordinate of the ith particle at the
i,k
time t "k*t, and x "(x , i"1,2, N) denotes
k
k
i,k
the set of all particle coordinates for the kth slice.
Thus, for a D-dimensional N-particle system we
have to minimize a function of D ) NK variables.

A

BD

3. Algorithm details and results for the test system
The simplest possible test for the idea presented
above is obviously the search of an optimal trajectory between the two minima for some simple energy landscape. To perform such a test, we have
calculated the optimal trajectory for a particle
moving in the 2D space (x , x ) with the potential
1 2
energy in the form
J
º
j
»(x)" +
,
(8)
x!r 2
j
j/1 1#
D
j
where x"(x , x ) and r"(r , r ) are vectors in the
1 2
1 2
corresponding 2D space, the amplitudes are º '0
j
((0) for the energy maxima (minima), parameter
r determines the position and D the width of the
j
j
jth peak (or hole), J is the total number of energy
maxima and minima.
The result of such a test for the energy surface
possessing 2 peaks (maxima) P and P and 2 holes
1
2
(minima) M and M is shown in Fig. 1. The min1
2
imization of the action (7) for the potential (8) was
performed using K"128 time slices with *t"
0.25. The starting trajectory was chosen as a
straight line between the minima M and M and
1
2
the final trajectory shown in Fig. 1 clearly passes
through a saddle point providing the correct value
of the energy barrier separating the two minima.

A B
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To present the simplest example where this problem appears, let us consider a 1D system of 2 noninteracting particles a and b which positions are
given by the coordinates x and x with the
a
b
potential energy »(x , x )"» (x )#» (x ) where
a b
a a
b b
each energy » has a double-well potential form,
a(b)
e.g.,
º
º
a1
a2
» (x )"
#
,
a a
2
x !r
x !r 2
a1
a2
1# a
1# a
D
D
a1
a2

A

Fig. 1. Optimal trajectory (white line) for the particle transition
between the two minima M and M for the potential of the type
1
2
(8) found by the minimization of the corresponding action (7).
On the grey scale map used to show the potential values bright
zones correspond to the potential maxima.

For a many-particle systems of real interest
with the particle number NA1 the discrete
action S
(7) (where the number of time slices
$*4#
K should also be large to ensure that the continuous action is approximated correctly by its
finite-difference version) depends on the huge number of variables &NK; this alone makes its
minimization very time-consuming. Additional
difficulties usually occur due to the ‘unpleasant’
landscape of S
as a function of system coordi$*4#
nates — there are many long bend narrow valleys
present. For this reason special care should be
taken when choosing the minimization method
(see Section 4). But although technically very difficult, the minimization of (7) itself is not the main
problem when searching for the optimal trajectory between the two given metastable states.
The main problem is the presence of many
‘undesired’ local minima of the functional (6),
i.e., the presence of many trajectories between
the states A and B in the system coordinate space
which minimize Eq. (6) but do not provide
any information about the corresponding energy
barriers.

B

A

B

(9)

where the parameters r
define the positions,
a1(2)
D
the widths and º
((0) the depths of the
a1(2)
a1(2)
potential holes for the particle a; analogous potential is assumed to act on the particle b (in principle
one might consider this example as a problem of
the motion of a single particle in a 2D space (x , x )
a b
with a somewhat exotic potential »"» (x )#
a a
» (x ). The resulting 2D gray-scale plot of the
b b
energy surface is shown in Fig. 2; it is assumed
that the potential minima (holes) are narrow
enough so that they practically do not overlap.
Minima are indicated as M —M and saddle
1 4
points as S —S . Potential energy values for each
1 4
minimum and saddle points are also shown
(»(M )"!(º #º ), etc.). We would like to
1
a1
b1
find the optimal path between the local minima
M and M (Fig. 2).
1
3
The first fact we shall need to demonstrate the
difficulty mentioned above is that for any path
which minimizes the action (6) the conditions
xR "$»MxN/x should be fulfilled; the plus
i
i
(minus) sign corresponds to the ‘downhill’ (‘uphill’)
trajectory parts. These conditions mean that the
optimal trajectory goes along the gradient lines of
the energy surface.
The second fact we need is that the value of the
action S(x) along the optimal path (trajectory) is
proportional to the sum of the energy barriers
which the path has to climb over: if the optimal
trajectory consists of ¸ pieces where the system
moves ‘uphill’ and ¸ pieces ‘downhill’ then the
action value is
L
S(x)"4 + *» ,
l
l/1

(10)
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Fig. 3. Potential energies along the trajectories T1 and T2
shown in Fig. 2. The sums of the energy differences along the
uphill parts of both trajectories are equal providing equal action
values for T1 and T2.

Fig. 2. Potential map for the system of two non-interacting
particles each moving in a 1D double-well potential (9). Potential values for the minima M , M and M and the saddle points
1 2
3
S and S are indicated in italic near the corresponding points.
1
2
Trajectories T1 and T2 both minimize the action for the
transition M PM and the action values for both trajectories
1
3
are equal (see text and Fig. 3 for details).

where *» is the energy difference between the end
and start points of the lth ‘uphill’ piece. Both these
facts for a 1D case are proved, e.g., in Ref. [14]; the
generalization to a multidimensional problem is
straightforward.
According to these considerations, both paths
M POPM (T1) and M PS PM PS P
1
3
1
1
2
2
M (T2) shown in Fig. 2 deliver local extrema to the
3
action for the transition M PM , because both
1
3
paths are constructed to proceed along the gradient
lines of the energy surface. It is also easy to show
that both extrema in this situation are local minima
of the action; in fact, both trajectories T1 and
T2 were obtained by minimizing the action (7)
with the potential (9) starting from different initial
trajectories.
Moreover, from Eq. (10) it can be immediately
seen that the values of S[x] for both trajectories are
equal — see Fig. 3, where the system energy along
the trajectories T1 and T2 is plotted. Namely, for
the path T1 the energy increases from the starting
point until the highest trajectory point O is reached

and then decreases when the system moves downhill towards the final point M (curve T1 in Fig. 3).
3
The point O is far enough from all energy minima
so that »(O)"0. The energy difference along the
uphill trajectory piece M PO is *» "
1
T1
»(O)!»(M )"º #º . For the path T2 there
1
a1
b1
are two uphill moves: from the starting point
M up to saddle S (with the energy increase º )
1
1
b1
and from the intermediate energy minimum M up
2
to saddle S (energy increase º ), so that the total
2
a1
energy difference along the uphill trajectory pieces
is *» "º #º , exactly as for the path T1.
T2
a1
b1
Hence, both paths T1 and T2 are equivalent as
long as we are interested in the action value only.
However, it is clearly not the case, if we are going to
gain information about the energy barriers which
the system would encounter when jumping from
the state M to M : using the path T1 we would
1
3
conclude that the smallest energy barrier the system has to overcome is º #º , whereby for this
a1
b1
case it is evident that there exist a possibility to
climb subsequently over two lower saddles S and
1
S with the barriers º and º correspondingly
2
b1
a1
(path T2).
The reason for this discrepancy is obvious (at
least for the tutorial example shown): the trajectory
T1 does not path through saddle points on the
energy landscape, but rather through a local maximum. This means that to be able to extract the
information about the energy barriers present in
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our system from the ‘optimal’ trajectories we must
be able to distinguish between ‘optimal’ trajectories
passing (i) through energy saddle points and
(ii) through local energy maxima.
One obvious possibility to discriminate between
these two cases is the study of the curvature tensor
of the energy surface along the given trajectory.
However, this method is very time-consuming and
subject to numerical instabilities due to the representation of the continuous trajectory as a discrete
set of points (see Eq. (7)) and due to the finite
accuracy by the determination of the ‘optimal’ trajectory. For this reason we have adopted another
strategy: we jump a little bit aside from every trajectory point in a random direction and then try to
minimize the system energy starting from this new
position. If all energy minima found this way coincide with the minima which our trajectory has
already ‘seen’ then we conclude that the trajectory
indeed passes through saddle points. If some energy
minimum does not coincide with those already
observed along the trajectory then we state that the
trajectory does not always pass through saddle
points and do not use this trajectory when calculating energy barriers.
In the example considering above this algorithm
would work as follows. Starting from any point
lying a little bit apart from the trajectory T2 we
would obviously land in the minima M , M or
1
2
M which were already found along the path T2 so
3
we would conclude that T2 really passes through
the saddle points only. But when applying this
method to the path T1 and jumping aside from,
say, the point O, we would (after the subsequent
energy minimization) finish very likely in one of the
minima M or M which do not lie on the path
2
4
under study (T1) thus leading to the conclusion
that this trajectory does not (or at least not always)
pass through saddle points.
The important question is how far apart from the
trajectory points should we jump to the new points
if we would like to reach another energy minimum
after the energy minimization from this new points.
The problem is that if we jump too far away then
we might afterwards land in a new minimum even
for a ‘good’ trajectory, e.g., when we jump from the
point S (Fig. 2) on the path T2 so far that we reach
2
the point O, then minimizing from this point we

can land in the minimum M which would lead us
4
to the wrong conclusion that T2 is a ‘false’ trajectory. On the other hand, if the jumps are too short, it
can happen that we will not discover another minima even when starting from the points around the
point O by testing the trajectory T1.
After trying several strategies we have confirmed,
first of all, that the most important jumps are those
performed from the points around the trajectory
maxima (like the point O), as one would expect
basing on the intuitive picture acquired from the
images like shown in Fig. 1. For the jumps from
such maxima the optimal jump length can be naturally defined using the values of the maximal energy gradient component in the vicinity of the
maximum: we would like to jump so far that the
maximal gradient component at the new point is
M (A1) times larger (see below) than the maximal
gradient component at the maximum point (there is
always a non-zero gradient at this point due to
finite accuracy by the determination of the optimal
trajectory). This guarantees us at least that the
energy minimization starting from this new point
will not terminate immediately claiming that this
point is also an energy extremum. The concrete
value of M depends on the problem under
study; we have found that in most cases M"10 is
the adequate choice. When jumping from other
points, we have usually chosen the jump length
equal to the distance between the neighbouring
trajectory points (recall that the jump direction is
random).
Obviously, there exists also another kind of trajectories which minimize the action (6) and pass
through the potential maxima. For example, for the
potential surface shown in Fig. 1 the trajectory
M PM which would climb from the minimum
1
2
M to the peak P along the gradient line and then
1
1
go downhill to the minimum M (again along the
2
gradient line) would also provide a local minimum to the action functional (6). But for such a
‘false’ optimal trajectory the action value would
be much larger than for the ‘true’ optimal path
shown in Fig. 1 because the energy difference
along the uphill part of this ‘false’ trajectory
*» "»(P )!»(M ) is larger than the corref
1
1
sponding value *» "»(S)!»(M ) for the ‘true’
t
1
optimal path. Hence, some kind of a simulated
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annealing algorithm can be applied to obtain
quickly a rough approximation to the optimal trajectory which would be good enough as a starting
point for a ‘normal’ minimization algorithm which
would lead to the optimal trajectory with the
lowest possible action value.
Next problem is the determination of the
transition time t which is explicitly present in the
&
continuous version of the action expression (6) and
hence is required to set the time step and/or the
number of time slices in the discrete version (7).
Strictly speaking, for the rigorous determination of
the transition time one should minimize the action
also as a function of t ; this process would lead to
&
the action minimizations for several values of
t chosen according, e.g., to the ‘golden section
&
search’ procedure for the minimization of the
single-variable function S(t ). However, due to the
&
great effort required for one action minimization,
such a method would be very time-consuming.
Fortunately, if we are interested in the energy
barrier height only, we can use the fact that the
value of this barrier depends on the transition time
much weaker than the action value itself as it is
illustrated in Table 1 for the energy barrier corresponding to the test potential (8) shown in Fig. 1.
For this reason we have used the following method
for the determination of t : we have minimized
&
the action (7) with the (small) constant time step
(usually *t"0.25—0.5) and various numbers of
time slices K starting from some small number
l
(K "16) and doubling it (K "2K ) for the next
1
l`1
l
(l#1)th action minimization. The process was terminated for the given transition when the relative
difference between the two values of the energy
barriers obtained for the subsequent action minimizations was less than 1%: D(E !E )/E D(0.01.
l
l`1 l
Usually the time slice numbers K"64 or K"128
were large enough to ensure this accuracy.
Energy landscapes for the two cases used to test
this algorithm are shown in Fig. 4 (non-interacting
1D system of two particles with coordinates
x and x ) and Fig. 5 (two interacting particles)
1
2
where the gray-scale maps of the system energy
»(x , x ) and transition trajectories between the
1 2
potential minima found by our algorithm are
shown. To find the optimal system trajectory between some two local (meta)stable states standard
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Table 1
Dependencies of the energy barrier *E and action values S on
the time slice number K used in the numerical approximation (7)
of the action (6) for the transition M PM shown in Fig. 1. The
1
2
time step *t"0.4 is the same in all cases.
K

*E

S

32
64
128
256
512

3.2904
3.1724
3.1720
3.1720
3.1720

17.26
14.58
13.47
13.12
12.97

Fig. 4. Potential map for the system of two non-interacting
particles each moving in the 1D three-well potential. Transitions
between the local potential minima found by our algorithm
when searching for the connected path between the minima
M and M are shown.
1
2

gradient methods were used for the discrete action
minimization (7) starting from the straight trajectory between the two chosen minima.
Initially, the program was forced to start from
the straight line M PM . After the ‘optimal’ tra1
2
jectory for this transition was determined, the
checking procedure described above was applied to
this trajectory to find out whether it really passes
through the saddle points only. In both examples
shown in Figs. 4 and 5 it was not the case; in other
words, some additional local energy minima were
discovered during the check. Then the action
minimization was performed for the trajectories
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Fig. 5. The same as in Fig. 4 for two interacting particles.

between these new minima. To increase the probability of obtaining an optimal trajectory which
passes through the saddle point only (‘true’ optimal
trajectory), the transitions between the energy minima which were the nearest neighbours in the system coordinate space were studied first: for each
local energy minima found during the previous
checks the transitions between this minima and the
fixed number p of its nearest neighbours were
//
analyzed. The search for the ‘true’ optimal trajectories was continued until the connected path
between the initial M and final M states con1
2
structed from such trajectories was found.
Test result for the non-interacting case is presented in Fig. 4 where the potential used corresponds
to the system of 2 non-interacting particles where
each particle moves in a 3-well 1D potential like in
Eq. (9). It can be seen that by searching for the
transition path M PM the algorithm has found
1
2
out that this transition would occur via the
intermediate states: it can be, e.g., the path
M PM PM PM PM . Minima M and
1
3
6
7
2
4
M were not discovered during the optimal traject8
ory searches for they are too far from the initial
trajectory (straight line M PM ) and the re1
2
quired connected path M PM was found before
1
2
the trajectories M PM (which would enable to
3
7
jump to M ) and M PM (possible jump to M )
4
5
9
8

were analysed. The existence of more than one
possible closed path between the initial and final
states is due to the fact that the program does not
stop immediately after the required path is discovered but investigates all transitions to the given
number of nearest neighbours (in this case p "2)
//
for each energy minima already found.
For the system of two interacting particles the
algorithm was tested for a somewhat more complicated (when compared to Fig. 1) energy landscape of the type (8) shown in Fig. 5. Starting again
from the straight line M PM the algorithm was
1
2
able to find the connected path M PM PM ;
1
3
2
the minimum M was not accessible by jump4
ing from the optimal trajectory obtained by
minimizing the action for the direct transition
M PM and hence was not discovered during this
1
2
search.
We have also performed various tests for more
complicated energy surfaces than those shown in
previous examples. All our tests led to qualitatively
similar results: the algorithm described above did
not succeed to find all minima of the system energy
but was always able to find a connected trajectory
between the two given local minima which passed
through the saddle points only.

4. Implementation of the algorithm for magnetic
particle systems
To apply the method presented above to the
systems of interacting magnetic moments (classical
exchange and dipolar spin glasses, systems of
fine ferromagnetic particles, etc.) it is convenient to
start with the equation of motion for the magnetic
moment in the Landau—Lifshitz—Gilbert (LLG)
form. Below we consider (for the definiteness) the
system of small ferromagnetic particles, but the
transfer of the method to the classical spin glass of
any kind is obvious. The LLG-equation of motion
for the particle magnetization M in the presence
of thermal fluctuations can be written as (see [17]
for detail)

C A

dM
dM
"c M] H%&&!g
#HL
0
dt
dt

BD

,

(11)
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where c is the gyromagnetic ratio, g denotes the
0
dissipation constant, the random (Langevin) field
HL is assumed to simulate the effect of thermal
fluctuations and the ‘usual’ effective field H%&& is the
negative derivative of the particle magnetic free
energy density E over the magnetization
E
H%&&"! .
M

(12)

For the temperatures well below the Curie point
of the particle material the magnitude of the magnetization vector remains constant and equal to the
saturation magnetization M , so that the particle
4
magnetization state is completely defined by the
unit vector m"M/M . The equation of motion for
4
this vector is

C A

dm
dm
"c m] h%&&!g #hL
dt
dt

BD

,

(13)

where c"c M and the reduced field h"H/M
0 4
4
has been introduced. In the large dissipation limit
gcA1 (which means the same as neglecting the
inertial term in Eq. (1)) this equation can be rewritten in the form
dm
"![m][m](h%&&#hL)]
dt
"!m(mh505)#h505,

(14)

where all constants are absorbed in the time unit,
the total field is h505"h%&&#hL and the normalization m2"1 was used by the last transformation.
The conservation of the magnetic moment magnitude makes the spherical coordinates (h, /) of the
unit vector m to the ‘natural’ coordinates of our
problem. Transforming all vectors to the new coordinate system with the z@-axis along the magnetic
moment direction and the x@-axis lying in the meridian plane of the initial spherical coordinate system (so that in this initial system, as usual, m "
x
sin h cos /, m "sin h sin /, m "cos h), we obtain
y
z
equations of motion for the magnetization angles
E
hQ "! #hL
x{
h

(15)

1 E
sin / ) /Q "!
#hL ,
y{
sin h /

(16)
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where hL and hL are the Cartesian components of
y{
x{
the Langevin field in the new coordinate system
and the components of the ‘usual’ effective field are
already expressed as the corresponding angular
derivatives of the particle energy. It can be clearly
seen from this equations that only those components of the Langevin field which are perpendicular
to the magnetic moment direction are relevant for
our consideration (exactly as only the perpendicular components of the ‘usual’ effective field are
important for the description of the magnetic moment motion in the absence of thermal fluctuations).
The generalization to a system of N interacting
particles is straightforward. In the resulting system
of the equations of motion for the moment orientation angles (h , / )
i i
EMXN
hQ "!
#hL
i
i, x{
h
i

(17)

1 EMXN
sin / ) /Q "!
#hL , i"1,2, N,
i i
i,y{
sin h /
i
i
(18)
the system energy EMXN (where X denotes the set of
all angles (h , / )) includes now the interparticle
i i
interaction energy so that interaction of any kind
(i.e., exchange, RKKY or dipolar) can be taken into
account. This system is fully analogous to Eq. (1) so
that under the same assumptions (that cartesian
components of the Langevin field are independent
random quantities with the Gaussian distribution)
the transition probability between the two chosen
magnetization states X and X can be expressed as
A
B

P

P[X PX , t ]K
A
B &

X
B

X

DX(t)J[XPhL]

A

C

D

S(X(t), t )
& ,
]exp !
4D

(19)

where the action for the magnetic particle system is

P

t&

CA

B

dh
EMXN 2
i#
dt
h
i
d/
1 EMXN 2
i#
.
# sin h
i dt
sin h /
i
i

S[X(t)]"

dt+
0
i

A

BD

(20)
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The magnetization path in the X-space which
minimizes this functional can provide information
about the energy barrier separating the states
X and X in the same way as for the test system
A
B
discussed in Sections 2 and 3.
To find this optimal path, we have used the
numerical quadrature representation of Eq. (20):

C

K~1 N h
!h
i,k`1
i,k
S (x)"*t + +
$*4#
*t
k/0 i/1
1 EMX N EMX N 2
k`1 #
k
#
2 h
h
i,k`1
i,k
sin h
#sin h /
!/
i,k`1
i,k i,k`1
i,k
#
2
*t

A
C
A

BD

1
EMX N
1
k`1
#
/
2 sin h
i,k`1
i,k`1
1 EMX N 2
k
(21)
#
/
sin h
i,k
i,k
analogous to Eq. (7). Minimizing the corresponding discrete action S as a function of orientation
$*4#
angles (h , / ) of all particles for the time slices
i,k i,k
k"1,2, K!1 (moment coordinates for the 0th
and Kth time slices are fixed being the given coordinates of the initial and final states) we were able to
obtain the discrete representation of the optimal
system trajectory. The same check procedure as
described in Section 3 was applied to each trajectory found this way to ensure that it really passes
through the saddle points. The energy barrier calculated along the ‘true’ optimal trajectory was
assumed to be the lowest energy barrier between
the two states X and X .
A
B
Apart from the usual difficulties encountered by
the minimization of the many-variable functions,
the minimization procedure for the discrete action
(21) is subject to the stability problems specific for
the spherical coordinates used. Namely, the factors
1/sin h in (21) diverge for any trajectory closely
i
approaching (at least at one slice) the polar axis of
the spherical coordinate system (hP0 or hPn).
For this reason one has to choose suitable spherical
coordinates for each particle separately at the beginning of the minimization procedure. Moreover,
during the minimization process particle trajectories are moving in the angle space X so that the

BD

trajectory of some particle may become too close to
the polar axis of its coordinate system even if at the
beginning of the minimization it was not. Hence,
one has also to watch for such ‘dangerous’ cases
and switch to another spherical coordinate system
for the corresponding particle when necessary.
The latter circumstance prevents, in particular,
the usage of the most powerful standard minimization technique — the conjugate gradient method
— because in this method the information about the
previous minimization directions is stored during
the minimization process. This information is partially lost when the coordinate system for any particle is changed which strongly decreases the
performance of the conjugate gradients. The same
problem occurs when spherical coordinates are
used in the simulation of the quasistatic remagnetization processes in fine particle systems [18].
Switching to the Cartesian coordinates of the magnetic moments would not save the day, because
these coordinates are not independent due to the
conservation of the magnetic moment magnitude
for each particle (m #m #m "1) and the
x,i
y,i
z,i
conjugate gradient method can be applied only in
the case of independent coordinates (variables).
In principle, one can still try to modify the problem so that the conjugate gradient method could be
applied. The two most obvious possibilities are:
(i) introduction of the corresponding undetermined (Lagrange) multiplier for each moment to
conserve its magnitude in Cartesian coordinates
and (ii) usage of a penalty function which would
strongly increase when the magnitude of any moment deviates from unity.
The first method has the disadvantage of increasing the number of independent variables (each Lagrange multiplier should be now considered as a new
independent variable), so that in this case the number of variables would be 4N ) K instead of 2N ) K
when using spherical coordinates.
By our attempts to apply the second method
we have found that the corresponding minimization time was substantially larger even when
compared with the simplest relaxation method
with the adjustment of the relaxation step [19].
We propose the following explanation for this
phenomenon. The major problem by the realization of this method is that the penalty function
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should increase fast when the condition DmD"1 is
violated to assure the conservation of the moment
magnitude with the required high accuracy. This
means that the curvature of the corresponding
3N ) K-dimensional surface caused by this penalty
function would be much larger than the curvature
caused by the initial function (in our case — by the
function which represents the discrete version of an
action). This leads to the function landscape consisting of arbitrary bended tales with steep walls
— surely the most unpleasant case for any minimization method including conjugate gradients.
For the reasons described above we have chosen
for the minimization of Eq. (21) the improved version of the relaxation method derived from the
‘equation of motion’ method described in Refs.
[18,19]. This improved version was developed by
Hubert, Ramstöck and the author and is described
in detail in Ref. [20]. We give here its brief description to make the paper self-contained.
The algorithm consists of three stages. At the first
stage several ‘relaxation steps’ are made. The ‘relaxation step’ means moving the system coordinates in
the direction of the local antigradient of the function f to be minimized:
f (xp)
xp`1"xp!a
i
3%- x
i
i

(22)

with the step length a chosen so that the function
3%value decreases. If after some relaxation step the
function value increases, we return to the previous
point xp, decrease the step length a Pa /2 and
3%3%perform the ‘relaxation step’ again until a is small
3%enough to ensure the decrease of f.
If during several (typically &10) ‘relaxation
steps’ with the constant a -value the function de3%creased, we perform the full function minimization
in the local antigradient direction, i.e., we perform
the move (22) choosing the step length a so as to
minimize the function value f (let us denote the
corresponding length as a ). Usually the step length
f
a is several hundred times larger than a which
f
3%means that after several relaxation steps (22) with
relatively small step length we are able to make
a huge step in the desired direction.
The third stage is the minimization of the gradient norm along the local gradient direction starting
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from the new point where we have arrived after the
full function minimization at the previous stage.
This means that we perform the step (22) choosing
a (which in principle can now be also negative) to
minimize the sum
EgE2"+
i

A B

f (xp) 2
.
x
i

The purpose of this stage is to determine the step
length for the subsequent normal ‘relaxation steps’
(stage one): a for the next normal ‘relaxation
3%steps’ is adjusted starting from the a-value obtained
during this gradient norm minimization.
These three stages are repeated in the order described above until the convergence criterion (usually Df (xp)/x D(d for all i) is satisfied.
i
Several comments are in order. First of all, for
systems studied by us (micromagnetic simulations
of domain walls [20], search of local minima for the
Heisenberg spin glass [21], action minimization for
the magnetic particle system described in this paper) this method provides the acceleration up to
&103 times when compared with the standard
steepest descent algorithm [7] and unimproved
‘equation of motion’-method [19] and is several
times faster even in comparison with the preconditioned conjugate gradient method (NAG-library)
when the latter can be applied.
Such an acceleration is obviously due to the large
step length a during the second stage (the full
f
function minimization). Although having no rigorous proof why should a always be so large, we
f
would like to suggest an explanation why it is
usually the case. To do this, we remind first of all
that the standard steepest descent algorithm always
tries to minimize the function in the antigradient
direction (so that each step is the full minimization
step in our notation). This often leads to the well
known oscillations for the following reason: if the
starting position is on one slope of the long and
narrow valley, the local antigradient points to the
valley floor (not to the function minimum and not
along the valley) and moving in the antigradient
direction up to the function minimum along this
direction one usually finds himself on the opposite
valley slope (and not on its floor, see, e.g., Refs.
[7,22]). These jumps between the two slopes can
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continue for quite a long time, moving very slowly
towards the function minimum along the valley.
In our method we do not minimize the function
along the antigradient direction during the relaxation steps on the first stage — we merely choose
a so that the function f decreases. This normally
3%leads to the step length a less than it would be for
3%the full minimization along the antigradient direction. Hence, if we start from the point on the valley
slope, after our ‘relaxation step’ we can land closer
to the valley floor then after the full function minimization. After several such steps we can finish so
close to the valley floor that the local antigradient
at our location points almost along the valley (i.e.,
towards the function minimum) thus allowing us to
do a huge step when performing the function minimization along the antigradient direction (the second stage).
The third stage is necessary to adjust the relaxation step a because after performing the function
3%minimization we can jump so far that the curvature
of the valley where we are in may change substantially. We note that although the minimization of
the gradient norm does not necessarily lead to the
decrease of the function itself, it was almost always
the case.

5. Test results for magnetic particle systems and
discussion
To show the reliability of our algorithm for the
saddle point search and the high performance of
our function minimization method we have done
calculations for several systems of magnetic particles.
For all systems studied below the particles are
assumed to be absolutely single-domain (i.e., all
spins within a single particle are collinear and the
particle magnetic moment can only rotate as
a whole). Further each particle is assumed to possess the uniaxial magnetic anisotropy of the easyaxis type, which means that its anisotropy energy
can be written in the form E "0.5bM2» sin2 t
4
!/
where » denotes the particle volume, b is the reduced anisotropy constant (for the easy axis case
b'0) and t denotes the angle between the easy
axis direction n and the particle magnetic moment

m. Obviously, in the absence of the external field
such a particle has two equivalent (meta)stable
magnetization states along the two opposite directions of the anisotropy axis (t"0 and t"n) separated by the reduced energy barrier e,E/
(M2»)"b/2. The first test for our algorithm was
4
performed on a single such particle and the energy
barrier found agreed with the value listed above
within the numerical accuracy.
In the second test the system of N"128 noninteracting particles with different anisotropy constants b , i"1,2, N was considered. In the abi
sence of the external field such a system has 2N
metastable states (energy minima) with the same
(zero) energy. Among them two states were chosen
arbitrary and the algorithm had to find the connected path between these two states which passed
through the saddle points only — the task analogous
to the test example presented in Fig. 2, but now in
the 2N-dimensional space. From the physical point
of view it is evident that transitions between the
local minima of this system correspond to the
single-particle moment jumps between the opposite
directions of the anisotropy axis for the given particle. In all studied cases the algorithm indeed was
able to find the connected path between the two
chosen metastable states consisting of the singlemoment flops. The energy barriers along this path
for the jump of the moment of the ith particle agreed
with the energy barrier evaluated as e "b /2.
i
i
The last test was performed for a system of
N"128 dipolarly interacting particles with the
single particle anisotropy. The particles were positioned randomly but non-overlapping in the cubic
volume which size was chosen according to the
prescribed particle volume concentration g (see below). For all particles the same anisotropy constant
b "2.0 was taken. Thus the system energy in the
0
absence of the external field can be written as
E
b
1
(23)
"! 0 + (m n )2! + m h$*1,
i i
i i
M2»
2
2
i
i
where the reduced dipole interaction field on the ith
particle is (the factor 4p/3 comes from the reduced
distance units r"R/a, a being the particle radius)
4p
3e (e m )!m
ij ij j
j.
h$*1" +
i
3
r3
ij
jEi

(24)
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The evaluation of the dipolar field (24) was performed using a Lorentz cavity method, i.e., only the
field contributions from the particles which are at
the distance r(R from the ith particle are evalu3%45
ated via the sum (24). The contributions from the
particles in the far zone are taken into account
using the Lorentz field evaluated from the average
system magnetization. The restriction radius R
3%45
was chosen so that its further increase did not
change the interaction field obtained within the 1%
accuracy limit; to achieve this accuracy, it was
sufficient to take R twice as large as the average
3%45
interparticle distance for all concentrations studied.
Periodic boundary conditions were assumed.
Using our algorithm we have evaluated the energy barrier distribution for various particle volume concentrations (Fig. 6). A large number of
transitions between various pairs of the metastable
states found for each case were analysed. Among
them the following numbers of transitions which
passed through the saddle points only were discovered and used to build histograms shown in
Fig. 6: for g"0.001!N "90 transitions (180
53
barriers), for g"0.01!N "194 transitions (388
53
barriers), for g"0.08!N "266 transitions (532
53
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barriers) and g"0.24!N "159 transitions (318
53
barriers). The whole calculation took about two
weeks on the HP-Workstation 712/60 (60 MHz,
32 MB RAM, program code written in Fortran).
As expected, for the lowest concentration studied
(g"0.001, Fig. 6a) almost all barriers are nearly
equal to the energy barrier e(b "2.0)"1.0 which
0
corresponds to the single-moment jump, as it
should be because in this case the interparticle
interaction should have almost no influence.
Already for the next volume concentration
g"0.01 (Fig. 6b) there exists a considerable
amount of barriers with another values, most of
them being much lower than those corresponding
to the single-moment jumps. They arise due to the
quite strong interparticle interaction of particles
which are by chance separated by a very small
distance. In particular, the reduced interaction field
from the nearest possible neighbour (r "2a, a beij
ing the particle diameter) is h$*1 &1 (see Eq. (24))
.!9
which is of the same order of magnitude as the
maximal anisotropy field h!/ &b "2.0 so that
.!9
0
for the collective magnetic moment flop of such
a pair of closely positioned particles any energy
barrier can be expected.

Fig. 6. Energy barrier distributions found by our algorithm for the system of N"128 dipolarly interacting magnetic particles with the
uniaxial anisotropy (b"2.0) for various particle volume fractions as shown in the figure.
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For the system with the moderate (g"0.08,
Fig. 6c) and high (g"0.24, Fig. 6d) volume concentrations, the energy barrier distribution is qualitatively different from that observed for the low
concentration case. It can be seen, that the distribution is shifted towards the lower energies, so that
for the highest concentration studied the low energy barriers clearly dominate.
Although the results presented here for an interacting system are preliminary, we would like to
make some comments concerning their comparison
with experimental data (unfortunately there are to
our knowledge no theoretical results which these
distributions can be compared with). One might
speculate that such a behaviour of energy barriers
(shift of the distribution towards the lower energies
with the increasing particle concentration) is consistent with the well known demagnetizing effect of
the interparticle magnetodipolar interaction in fine
particle systems below the blocking temperature
(we recall that all our calculations are done in the
low-temperature limit) — see papers in [23] and
references therein. There are also some experimental evidences (see Refs. [24,25] for the latest
examples) that the interparticle interaction leads to
the faster magnetic relaxation which also means
that the interaction shifts the energy barrier distribution towards the lower energies. Numerical MC
simulations (based, however, on the single-particle
updates) [26] seems to support this conclusion.
On the other hand, there exists a considerable
amount of experimental results concerning the behaviour of the magnetic susceptability for, i.e.,
frozen ferrofluids (some recent results can be found
in [27,28]), where it is demonstrated that the peak
on the temperature dependence of the imaginary
part of the AC susceptability sA(¹) [27] shifts towards larger temperatures with the increasing particle concentration. This means from the first
glance that the interaction in such systems leads
to higher energy barriers; but the relation between
the energy barrier distribution and the susceptability in strongly interacting systems is by no means
trivial. In particular, one has to take into account
that by the transitions over the different barriers
different moment changes occur and that such
a transition itself may change the height of other
barriers.

We would like also to point out that all these
experiments — including those which seem to support our result — were performed at finite temperatures and on systems having a relatively broad
distribution of the single-particle parameters (particle size, shape, anisotropy constant, etc.). Clearly
further simulations and experiments are necessary.

6. Conclusions
We have developed and tested a numerical
method which enables the evaluation of the energy
barrier height for the transition between the two
given metastable states of the many-particle system
exploiting the minimization of the action for the
corresponding transition. The method is suitable
for the calculation of the energy barrier distribution
in many-particle systems with continuous degrees
of freedom and arbitrary interparticle interaction.
In all test cases where the results could be compared with the known analytical values, our algorithm provided correct energy barrier heights. The
major limitation of our algorithm in its present
form is that it enables to evaluate the energy barriers only, whereby the free energy barriers are
required to understand most properties of the
many-particle systems for finite temperatures. The
work concerning the corresponding expansion of
the method is currently being performed.
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