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Calculation of the energy barriers in strongly interacting
many-particle systems

D. V. Berkov
INNOVENT e.V., Go¨schwitzer str. 22, D-07745, Jena, Germany

A numerical method which allows the evaluation of the energy barrier height between any two
metastable states in a many-particle system with continuous degrees of freedom and arbitrary
interparticle interaction is presented. The method uses the minimization of the Onsager–Machlup
action corresponding to the given path between the two states. The path which minimizes this action
is supposed to be the optimal path between the states under consideration and the height of the
energy barrier separating these states is determined as the energy barrier along this optimal path.
Test results for a simple two-dimensional potential~where the optimal path can easily be visualized!
and for a dipolar glass are presented. ©1998 American Institute of Physics.
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Evaluation of the energy~and free energy! barriers be-
tween metastable states in interacting many-particle syst
is one of the most challenging problems in various areas
physics,1 in particular, in the condensed matter physics
disordered systems with frustration like spin glasses.2,3

At the present time we lack general methods for
evaluation of these barrier heights, except, maybe, di
Monte Carlo simulations of the system escape over such
riers which are based on the Langevin equations1,4,5 and can
be applied only if the barrier heightDE is comparable with
the temperatureT. In this contribution we would like to pro-
pose a numerical method which in its initial form is suitab
for the energy barrier evaluation of arbitrary height in a
classical interacting many particle system with continuo
degrees of freedom, e.g., systems of ‘‘usual’’ classical p
ticles, dipolar and RKKI spin glasses, Heisenberg~but not
Ising!! models.

Main idea. Since the work of Onsager and Machlup,6 it
is well known ~see also Ref. 7! that for a system ofN clas-
sical particles which motion can be described by coordina
x5(x1 ,...,xN) and velocitiesẋ and which interaction energ
V(x) depends on their coordinates only the probability
observe a given trajectoryx(t) for the transition between th
two statesA and B during the timet f @xA(0)→xB(t f)# is
given by

P@x~ t !#.J@x#expF2
S@x~ t !#

4D G , ~1!

where the actionS@x(t)# is defined as

S@x~ t !,t f #5E
0

t f
dt(

i
S dxi

dt
1

]V~x!

]xi
D 2

. ~2!

The form of the action~2! is the direct consequence o
~i! the Langevin equations of the particle motion under
influence of the deterministic and random thermal forces~ne-
glecting inertial terms! and ~ii ! the assumption that thes
thermal forces can be considered as independent Gau
random quantities with zero correlation time. The Jacob
J@x# accounts for the variable transformation from the s
tem coordinates to the thermal forces and the coefficientD in
7390021-8979/98/83(11)/7390/3/$15.00
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the exponent of~1! characterizes the thermal noise pow
and hence is proportional to the system temperature:D;T.

In principle, the statement~1! solves any problem relate
to the transition betweenA andB, because the total trans
tion probability Ptot(A→B) is then given by the integral o
~1! over all pathsx(t) and transition timest f . Unfortunately,
the evaluation of the corresponding path integral is not p
sible for any interacting system of real interest, which
probably the reason why the idea outlined above was
used in real calculations except some oen-dimensional~1D!
problems.8,9

However, it can be seen from~1! that in the low tem-
perature limit~D→0 and henceT→0! the only significant
contribution toP@x(t)# comes from the paths near the tr
jectory which minimizes the actionS@x(t)#; it is called an
‘‘optimal’’ path xopt(t). In this case the energy barrier for th
transitionA→B can be found as the barrier along this traje
tory: DE(A→B)5Emax(xopt)2EA . So the ‘‘only’’ problem
left is the minimization of the action functionalS(x).

The easiest way to perform this minimization is the a
proximation of the integral~2! by some numerical quadratur
formula and the subsequent minimization of the man
variable function obtained this way. Approximating~2! by
the simplest quadrature, we obtain

Sd~x!5Dt(
i ,k

Fxi
k112xi

k

Dt
1

1

2 S ]V$x%

]xi
k11 1

]V$x%

]xi
k D G2

, ~3!

whereDt5t f /K, K is the number of time slices used,xi
k is

the coordinate of thei th particle at the timetk5kDt. The
problem of the determination of the time slice number w
be addressed elsewhere.10 Minimization of Sd(x) as a func-
tion of N•K variablesxi

k provides a discrete representatio
of the optimal path which can be used to calculate the c
responding energy barrier.

A simple test example. The result of the simplest possibl
test of the method, calculation of an optimal trajectory fo
transition of a particle in a 2D space (x1 ,x2) between the
two local minima of the potential

V~x!5(
j

U jF11S x2r j

D j D 2G21

~4!
0 © 1998 American Institute of Physics
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is shown in Fig. 1. The energy surface used possesses
peaksP1 and P2 (U j.0) and two holesM1 and M2 (U j

,0). The starting trajectory for the minimization proce
was a straight lineM12M2 . The final trajectory shown in
Fig. 1 clearly passes through a saddle point providing
correct value of the energy barrier separating the minimaM1

andM2 ~a ‘‘true’’ optimal trajectory!.
In this test case the optimal trajectory could be eas

found due to a simple energy landscape. For a many-par
system, the search for a true optimal path between the
energy minima by the minimization of the action~2! @or ~3!#
is much more difficult, because this action has many lo
minima. Namely, any trajectory which proceeds along
gradient lines of the energy surface~i.e., for which ẋi

56]V$x%/]xi! provides a local extremum to the action~2!,
see Ref. 9 for the proof in the 1D case.

For the energy surface presented in Fig. 1, this mea
e.g., that the trajectory climbing along the gradient lin
from M1 up to P1 and then going downhill fromP1 to M2

also provides a local minimum to the action~2!, and obvi-
ously gives a wrong value of the energy barrier~a ‘‘false’’
optimal trajectory!. It is easy to construct an example whe
even the values of the action corresponding to the true
false optimal paths would be the same~just consider a sys
tem of two noninteracting particles each moving in a 1
double-well potential!. For this reason, an additional analys
of the found optimal trajectories is necessary, so we de
oped an algorithm to distinguish between the true and fa
action minima~trajectories passing through the saddle poi
and climbing over the local maxima!; due to the lack of
space details of this algorithm will be described elsewher10

Here we would like to present only its main idea: for man
particle systems with complicate energy landscape, we
pect thatmany differentlocal energy minima can be achieve
when we minimize the system energy starting from anyen-

FIG. 1. Optimal trajectory~white line! for the particle transition between th
two minimaM 1 andM2 .
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ergy maximumand moving in different directions~in con-
trast to Fig. 1 where only two minima exist!. For this reason,
we have tried to find out which local energy minima can
found starting from various points scattered randomly in
vicinity of the trajectory pointPE with the largest energy
For a true optimal trajectory,PE is a saddle point for the
transitionM1→M2 and the energy minimization startingPE

~or sufficiently close points! would bring us either toM1 or
to M2 . For a false optimal trajectory,PE represents an en
ergy maximum so that minimizing the system energy start
from PE we would ~with the probability rapidly growing
with the particle number! discover other local minima differ-
ent from bothM1 andM2 . This would indicate thatPE is a
maximum rather than a saddle point and that the correspo
ing optimal trajectory is a false one.

Implementation of the method for a system of magn
particles. Let us consider, e.g., a system of small identic
single-domain ferromagnetic particles~fixed in a nonmag-
netic matrix! each having the volumeV and the saturation
magnetizationMs and carrying the magnetic momentmi of a
constant magnitudemi5VMs . The magnetization state o
such a system can be defined most conveniently using
spherical angles (u i ,f i) characterizing the orientation of th
i th magnetic moment. Below we denote the set of th
spherical coordinates for all particles asV.

The actionS@V(t)# corresponding to the transitionVA

→VB between the two given metastable statesA and B of
the system can be derived from the Landau–Lifshitz–Gilb
equations of motion for magnetic moments in the presenc
thermal fluctuations11 exactly as the action~2! is derived
from the Langevin equations of motion for usual particles6,9

The result is~if the precession term can be neglected!

S@V~ t !#5E
0

t f
dt(

i
F S du i

dt
1

]E$V%

]u i
D 2

1S sin u i

df i

dt
1

1

sin u i

]E$V%

]f i
D 2G . ~5!

Minimization of this functional in theV space gives the
‘‘optimal’’ path which can provide information about th
energy barrier between the statesVA andVB exactly as ex-
plained above.

The method was applied to a system of magnetic p
ticles having the ‘‘easy axis’’ magnetic anisotropy with th
energyEan50.5bMs

2V sin2 c, whereb(.0) is the reduced
anisotropy constant andc is the angle betweenm and the
easy axis directionn. Without the external field~this was
always the case for the results reported below! a single such
particle has two equivalent equilibrium magnetization sta
~along the two opposite directions of the anisotropy ax!
separated by the reduced energy barriere[E/(Ms

2V)5b/2.
The barrier found by our algorithm for a single such partic
or for a system of noninteracting particles with different a
isotropy constants agreed with this value within the nume
cal accuracy. The test on asystemof noninteracting particles
was necessary to ensure that the algorithm discrimina
between the false and true local minima of the action wo
properly.
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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Next we considered a system ofN5128dipolarly inter-
acting particles with equal anisotropiesb052.0 which were
placed randomly~but nonoverlapping! in the cubic volume;
periodic boundary conditions were assumed. The dep
dence of the energy barrier distribution on the particle v
ume concentrationc was studied. To obtain the distributio
density of energy barriers we have generated a numbe
~meta!stable states starting from various initial moment o
entations and then minimized the actions~5! corresponding
to the transitions between various pairs of these states. T
cally for each histogram shown in Fig. 2 and Fig. 3 seve
hundred energy barriers were calculated.

Results of our simulations are shown in Fig. 2. As
should be, for the lowest concentration (h50.001) almost
all barriers are nearly equal to the single-particle barriee
5b0/251.0 because for this concentration the interact
effects are almost negligible. Note, however, a few barri
well below this value which occur due to a strong interact
of particles positioned by chance very close to each ot
Already for the next~still quite low! volume concentration
h50.01, a considerable amount of barriers with anot
~mostly lower! values occur, because a fraction of close
positioned particles increased. For the system with the m
erate (c50.08) and high (c50.24) concentrations, the co
lective interaction effects lead to a qualitatively different e
ergy barrier distribution strongly shifted to the low
energies.

Another example of such a transition from the sing
particle to the collective behaviour is presented in Fig.
where results of our simulations for a system ofN5128
particles with the particle volume concentrationc50.04 and
different single-particle anisotropy constants are shown~note

FIG. 2. Energy barrier distributions found by our algorithm for the syst
of N5128 dipolarly interacting magnetic particles with the uniaxial anis
ropy (b52.0) for various particle volume fractionsc as shown in the figure.
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the logarithmic scale of the energy axis!. It can be seen tha
for the smallest anisotropy considered (b50.1) collective
effects clearly dominate, whereby all barriers found in t
system with the largest anisotropy value (b510.0) lie in the
vicinity of the single-particle energy barriere5b/255.0.

Due to the limited paper length we cannot discuss
relation between our results and experimental data, e.g.
magnetic viscosity12,13 or ac susceptability of ferrofluids.14

We only mention that care should be taken by establish
such a relation because~i! all experiments were performed a
finite ~and even not atlow! temperatures so that the densi
of freeenergy barriers is required for their interpretation,~ii !
transitions over different barriers lead to different mome
changes which is essential for the calculation of both m
netic susceptibility and magnetic viscosity. Clearly furth
investigations are necessary.
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FIG. 3. The same as in Fig. 2 for systems of particles with the concentra
c50.04 and various anisotropy constantsb as shown in the figure.
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