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On the concept of the magnetic viscosity: analytical expression 
for the time dependent magnetization 

D.V. Berkov 
Physics Dept, Keele University, Keele, UK 

Exact analytical expression for the time-dependent magnetization of the system with known energy barrier distribution is 
obtained. The relation between the obtained result and usual definition of the magnetic viscosity is discussed. Corrections to 
the 'critical volume approach' ar~. shown to be of order traE / T, where o-a~: is the width of the energy barrier distribution 
density. 

Time-dependent magnetic phenomena have 
been intensively studied recent years [1-5] for 
their importance in various pplications of mag- 
netic systems. The assumption, that the (practi- 
cally) irreversible changes of the magnetization 
take place due to the equilibrium thermodynami- 
cal fluctuations in the system, leads to the expres- 
sion 

M( t ) = M o e -r~E~t (1) 

with the single relaxation speed 3'(E) = 
Yo e x p ( - E / T )  for the system with the single 
barrier energy E. Real systems always have con- 
siderable energy barrier distribution and do not 
obey the simple exponential law (1). 

For the system with the normalized energy 
barrier distribution density p(E) the general ex- 
pression for the reduced magnetization m(t)= 
(M(t) + M~)/(M o + Ms) (Mo denotes the magne- 
tization for t = 0, M~ is the saturation magnetiza- 
tion) is 

m(t)  = fL~71'Xp( E) e -r'E)` dE. (2) 
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The first practically useful expression was ob- 
tained from the general equation (2) by Street 
and Wooley [6] in 1949 and is used up to now by 
most experimentalists because of its surprisingly 
good agreement with the experimental results for 
many different systems: 

m ( t ) = C - S  In(t) ,  (3) 

where S is called the magnetic viscosity. 
Strictly speaking, eq. (3) was derived by Street 

and Wooley for a "very special distribution" p(E)  
[7]. Namely, the analysis of assumptions made in 
ref. [6] shows that (3) is valid for (i) the energy 
independent density p(E), i.e., p(E) = const > 0 
for Emi n < E < Ema x and p(E)  = 0 otherwise and 
(ii) for the time region 7" 0 e x p ( E m i n / T )  = tmin << t 
<< tma x = 7" 0 e x p ( E m a x / T ) ,  where Po = 1/~'0. 

The expression (3)(and hence - the concept 
of the magnetic viscosity by itself) was criticized 
by ", haroni [7], because it "obviously breaks down 
(diverges) for large and sma!! t and cannot be 
transformed back to (1) for the limit of the nar- 
row distribution p(E)". Both reproaches are in- 
correct: the equation obtained for the restricted 
time region tm~ . << t <~: tm~ x (see above) obviously 
cannot account for very small and very large 
times and cannot be reduced to the case of nar- 
row energy distribution Emi n ~ Ema x, because in 
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this case there is no time region, where (3) is 
valid. 

Aharoni's suggestion to use the so called 
gamma-distribution for the relaxation time den- 
sity, because "then the expression (2) can be 
integrated analytically", is not very useful too, 
because it is well known, that for the ill-posed 
problem like (2) good fits for re(t) can be ob- 
tained using almost any kind of p(E) distribution, 
but the width of the distribution which gives the 
best fit can be very far from the actual distribu- 
tion width. It can be seen, for example, from the 
results pubfished in ref. [2], where for the given 
set of experimental data good fits were obtained 
both for gamma- and uniform distributions of 
relaxation times with very different widths. 

Nevertheless, the questions, why does eq. (3) 
work so well in many experimental situations and 
what is the nature of corrections (if there are any) 
to the linear logarithmic behavior are still under 
study. In this paper we derive the exact analytical 
expression for the time dependent magnetization 
in terms of the energy barrier distribution density 
and discuss the connection between our result 
and the usual definition of the magnetic viscosity 
(3). 

We start with the general equation (3), which 
can be rewritten in the form 

d in ( r )  +~ 
- dr =f_ o(E)F(E) e -r<e)" dE,  (4) 

E = E~ converts (4) into 

d in ( r )  Tp( E¢) ~ o(k)( Ec) 

= + ~ k! d~" r k=l 

-1.- 0 0  

X f_ ( E - E e ) k I ' ( E )  e -r<E)" dE  
O0 

(5) 
from which usually only the first term of the right 
side is taken into account. This term corresponds 
to the called "critical volume appt ' ,ach" [4,5], 
which assumes that for the given t ime .  moments 
of all particles with the energy barrier E < Ec(t) 
have already made the transition in the field 
direction and those with E > Ec(t) remain in the 
original direction. This approach also leads to the 
well known definition of magnetic viscosity S = 
To( E c) [3-51. 

But due to the specific dependence of the 
relaxation speed F on the energy barrier E all 
terms in (5) can be evaluated analytically." Chang- 
ing variables u = F ( E ) -  e x p ( - E / T )  in (5) and 
using the definition of the critical energy E~--- 
T In r, we obtain the desired expression for the 
time-dependent magnetization in the form 

d in ( r )  Tp( E~) 

d~" "r 
1 + ~  

1 oo p t k ) ( E c  ) 

o(Ec) kY"l.= k' 

X(--1)kTklk , (6) 

where we have introduced the dimensionless time 
r = ty o and relaxation speed F(E) = exp ( - E /T )  
and have expanded the integral limits for the 
simplicity of analytical calculations, using the fact, 
that p(E) = 0 for E < Emi n and E > Ema x. 

Due to the exponentially rapid variation of the 
relaxation speed F(E)with E the kernel of the 
integral (4) 

K(E,r) = F(E) e -r(t':~" 

has a sharp peak with the width ~ T at the point 
E c = r In r, where K(E,r) has its maximum value 
K ~ ,  = 1 / e r .  The Taylor expansion of p(E) near 

where numerical constants I k a r e  given by 

Ik= fo (In x) k e -x dx 

(for reference I o = 1, I~ = - C ,  I z = ' r r 2 /6  + C, 

where C = 0.577.. .  is the Euler constant). Hence 
the magnetic viscosity defined in a usual way, i.e., 
t V H U W H t ~  ~, j / ,  lb ~l,.lUi:ll LtO 

1 p<k;(Ec) 
S =  Tp(Ec) 1 + P(Ec---- ~ y" k' 

k = l  

×(--1)kTkIk]. (7) 
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Eq. (6) (or (3) and (7)) represents the exact ana- 
lytical expression for the time-dependent magne- 
tizatiGa (magnetic viscosity) for any system with 
the known energy barrier distribution density 
p(E). For practical purposes, the first two terms 
of the series (6) or (7) are usually sufficient due 
to the rapid convergence of the factorial series (if 
p(E) does not change very rapidly, so that the 
derivatives ptr')(E)are not extremely large). 

This result allows us to understand, why does 
the 'critical volume approach'  (first term of (7)) 
works so well: the corrections to this approxima- 
tion are usually small, because the k th term in 
the expansion (6 ) (k th  correction) is proportional 
to A m  (k)'., Tkp tk ) (Ec) /p (E¢) .  

For a "good" function p(E) the  relation 
p(k )(Ec)/p(E~) ~ 1/trakE, where oat: is the width 
of the energy barrier distribution, and hence 
Am tk) ~ (T/trae) k. To estimate this quantity for 
room temperature ( T - - 3  × 10 -14 erg), we con- 
sider the typical case of uniaxial particles with the 
anisotropy energy E ~ KV (K being the uniaxial 
anisotropy constant and V the particle volume). 
For the typical val, e K--- 10 6 erg /cm 3 even for 
very small particles of the size d = 100 ,A and 
narrow size distribution with the reduced stan- 
dard deviation o- d --- 0.2, we obtain o-aE -- 3 × 
10 -13 erg and T/traE-0.1. This relation de- 
creases rapidly with increasing particle diameter 
and size distribution width. 

It should also be mentioned, that (7) allows us 
to obtain the expression for the magnetic viscosity 
in the form of ln(r /%)-ser ies ,  where % is the 
time of the measurement 's  beginning. It can be 
done by substituting E c = E¢o + AE = T In('/" o) + 
T ln( 'r / ' r  0) and expanding the barrier density 

p(E) around E = E 0. It would result in a more 
general expres.,;ion in comparison with that ob- 
tained in ref. [8] using the critical volume approx- 
imation. 

In conclusion, we have derived the exact ana- 
lytical expression for the time-dependent magne- 
tization for any system with the known energy 
barrier distribution density. It is shown, that the 
corrections to the critical volume approach are of 
order ~ T/traE and hence are significant only for 
a system with narrow energy distribution density 
at sufficiently high temperatures. 
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